We make a comparative and comprehensive study on the charmonium exclusive productions at the e + e − collider with the collision energy either round the Z 0 -boson mass for a super Z factory or equals to 10.6 GeV for the B factories as Belle and BABAR. We study the total cross sections for the charmonium production via the exclusive processes e + e − → γ * /Z 0 → H1 + H2 and e + e − → γ * /Z 0 → H1 + γ, where H1 and H2 represent the dominant color-singlet S-wave and P -wave charmonium states respectively. Total cross sections versus the e + e − collision energy √ s, together with their uncertainties, are presented, which clearly show the relative importance of these channels. At the B factory, the production channels via the virtual γ * propagator are dominant over the channels via the Z 0 propagator by about four orders. While, at the super Z factory, due to the Z 0 -boson resonance effect, the Z 0 boson channels shall provide sizable or even dominant contributions in comparison to the channels via the γ * propagator. Sizable exclusive charmonium events can be produced at the super Z factory with high luminocity up to 10 36 cm −2 s −1 , especially for the channel of e + e − → Z 0 → H1 + γ, e.g. by taking mc = 1.50 ± 0.20 GeV, we shall have (5.0
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I. INTRODUCTION
The heavy quarkonium provides an ideal platform to investigate the properties of the bound states. Considering the fact of the nonrelativistic nature of heavy quark or antiquark inside the quarkonium, the nonrelativistic QCD (NRQCD) [1] provides a powerful tool in studying the production mechanism of heavy quarkonium. The NRQCD is an effective field theory for separating the relativistic effects from the nonrelativistic contributions of different v Q order, v Q (≪ 1) being the typical velocity of heavy quark or antiquark in the quarkonium rest frame, whose relative importance can be estimated by the velocity scaling rules. It provides the definitions of nonperturbative contributions from the long-distance part and makes us possible to do numerical calculations directly. In the present paper, we shall concentrate our attention on the charmonium exclusive production at the e + e − collider. That is, we shall compute the cross-sections for the exclusive processes e + e − → H 1 +H 2 and e + e − → H 1 +γ, where H 1 and H 2 represent the dominant color-singlet S-wave and P -wave charmonium states respectively. All discussions shall be based on the NRQCD framework and the color singlet mechanism [2] .
The double charmonium exclusive production channel e + e − → J/ψ + η c has been measured by the Belle [3, 4] and the BABAR collaborations [5] [5] , in which the first error stands for the statistic error and the second error stands for the systematic error. Here B ηc [≥ 2] denotes the branching fraction for the η c meson decaying into at least two charged tracks. These measurements are unexpectedly large in comparison with the leading order (LO) calculation [6] [7] [8] . These discrepancies between experimental measurements and theoretical predictions are challenging issues in NRQCD. It arouses people's great interest, many suggestions have been tried to explain the puzzle [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , in which either the higher α s order pQCD corrections or the relativistic corrections or the nonperturbative corrections have been considered.
By taking both the radiative and relativistic corrections into account, Ref. [16] got σ[e + e − → J/ψ + η c ] = 17.6 +8.1 −6.7 fb, the authors there then optimistically concluded that such disagreement has been resolved. However, one may doubt the validity of the α s -and v 2 -expansion in the process e + + e − → J/ψ + η c , if the LO result is an order of magnitude smaller than the experimental measurements and the next-to-leading order (NLO) corrections/higher v 2 -expansion terms inversely play a dominate role for the double charmonium production. Furthermore, Refs. [17, 18] showed that the large renormalization scale dependence of the cross section under the conventional scale setting can not be improved even with the NLO correction 1 . It is therefore helpful to find another experimental platform to check all theoretical estimations. A super Z factory running at an energy around the Z 0 -boson mass with a high luminosity L ≃ 10 34−36 cm −2 s −1 [23] , similar to the GigaZ program of the Internal Linear Collider [24, 25] , can be a useful reference for experimental studies, complementing the present BaBar and Belle results on heavy quarkonia.
The e + e − → charmonium + γ is another important channel for studying the heavy quarkonium physics [26] [27] [28] [29] [30] . It has been roughly estimated [27] that at the B factory, the total cross section of e + e − → H + γ can be greater than that of e + e − → H+J/ψ by about two orders of magnitude for H = η c , and by about 1−10 times for H equals to the spin-triplet P -wave charmonium state. Therefore, if the background from the channel e + e − → X +γ is under well control in the recoil mass (m X ) region near the H resonance, the process e + e − → H + γ can be detected by analyzing the photon energy spectrum in e + e − → X +γ. Because only one bound state in the final state, one can adopt it to extract more subtle properties of the charmonium. Considering the high luminosity and a clean environment at the super Z factory [23] , due to the Z 0 -boson resonance effect, more and more rare decays and productions can be observed and measured. It is interesting to show how the charmonium is produced at the super Z factory.
In this paper, we shall make a comparative and comprehensive study on those two types of processes e + e − → γ * /Z 0 → H 1 + H 2 and e + e − → γ * /Z 0 → H + γ at the super Z factory and the B factory. All calculations are done at the leading α s order but with dominant relative corrections being included. Because the c-quark line is massive, the squared amplitude of process is too complex and lengthy, especially for the P -wave case. To improve the calculation efficiency, we adopt the improved trace technology [31] [32] [33] [34] [35] [36] [37] to deal with the hard scattering amplitude directly at the amplitude level, which can simplify the amplitude as much as possible. As an explanation of the approach, we first arrange the amplitude M ss ′ into four orthogonal sub-amplitudes M i according to the spins of the ingoing electron with spin s and the positron with spin s ′ , then transform these sub-amplitudes into a trace form. Then we do the trace of the Dirac γ-matrix strings at the amplitude level, which finally result in analytic series over some (limited) independent Lorentz-structures.
The remaining parts of the paper are organized as follows. In Sec.II, we present the calculation technology for the processes e + e − → γ * /Z 0 → H 1 + H 2 and e + e − → γ * /Z 0 → H + γ. Numerical results and discussions for the total cross sections and the corresponding differential distributions are presented in Sec.III. Sec.IV is reserved for a summary. Useful formulas for the processes are given in the Appendix.
solved by using the newly suggested principle of maximum conformality [21] even at the NLO level, c.f. Ref. [22] .
II. CALCULATION TECHNOLOGY

+ 2 permutations
Feynman diagrams for the process e + (p2) + e − (p1) → γ * /Z 0 → H1(q1) + H2(q2) at the tree level, H1 or H2 stands for color-singlet charmonium states:
, respectively. The other two permutation diagrams are obtained by exchanging the position of the thicker and thinner c-quark lines.
FIG. 2. Feynman diagrams for the process e
at the tree level, where H stands for the color-singlet S-wave and P -wave charmonium states:
Typical Feynman diagrams for the processes e Figs.(1,2) . The treatment of both processes are similar. In the following, we take the process e + e − → γ * /Z 0 → H + γ as an example to illustrate our approach. We put all the necessary basic Lorentz structures together with their coefficients for these two processes in the Appendix.
In the present paper, we shall concentrate our attention on the dominant color-singlet charmonium states
1 P 1 and 3 P J (J=0, 1, 2) states, respectively. The subscript (1) means the (cc)-pair is in color-singlet state. The symbols S, L and J are quantum numbers for the spin angular momentum, the orbital angular momentum and the total angular momentum of the charmonium, respectively. We will not take the color-octet states into consideration, since it is noted that due to the colorsuppression for the hard scattering amplitude and also the suppression from the non-perturbative color-octet matrix element, the color-octet charmonium states shall give negligible contributions to those processes. This is somewhat different from the charmonium semi-exclusive processes, where the color-octet states indeed provide sizable contributions [39] .
A. Cross sections for the processes
Within the NRQCD framework, the cross section for the process e
where O H (n) is the non-perturbative but universal matrix element which represents the hadronization probability of the perturbative state (cc)[n] into the bound state. The color-singlet matrix elements can be directly related to the wave functions at the origin for the S-wave state or the first derivative of the wave function at the origin for the P -wave state accordingly, which can be computed via the potential models and/or potential NRQCD and/or lattice QCD, respectively.
The differential cross section dσ(e + e − → (cc)[n] + γ) stands for the 2 → 2 short-distance cross section, i.e.
The symbol means we need to average over the initial degrees of freedom and sum over the final ones. The two-body phase space is defined as,
After doing the integration over the δ-function and the azimuth angle, we obtain,
which is in the center-of-mass frame. The parameter s stands for the squared center-of-mass energy. The magnitude of the charmonium momentum
and θ is the angle between p 1 and q 1 .
B. Hard scattering amplitude
The hard scattering amplitude M can be written in the following form,
where κ denotes the number of independent Feynman diagrams for a given process. The overall color factor C equals to 4 3 or √ 3 for the case of double charmonium production or for one charmonium production respectively. The subscripts s and s ′ represent the spin projections of the initial particles. For the process via the virtual photon, we have
and for the process via the Z 0 boson propagator, we have
where Γ z stands for the total decay width of the Z 0 boson. The parameter e is the unit of the electric charge and g w is the weak interaction coupling constant. If the charmonium is in S-wave state (L = 0) with S = 0 or 1, the strings of the Dirac γ-matrices A ν n are
If the charmonium is in P -wave states (L = 1) with S = 0 or 1, the strings of the Dirac γ-matrices A ν n are
The projectors by including the relativistic effect can be found in Ref. [44] . Such relativistic effect only provides small effect to the hard part of the process, so at present, we adopt the above conventionally adopted projectors to do our calculation. The sum over the polarization for a spin-triplet S-wave state ( 3 S 1 ) or a spin-singlet P -wave state ( 1 P 1 ) is given by,
where ε stands for the polarization vector ε l or ε s respectively. The sum over the polarization for the spin-triplet P -wave states ( 3 P J with J = 0, 1, 2) is given by [42, 43] ,
C. Simplified amplitude under the improved trace technology
We take the improved trace technology to deal with the amplitude M. Detailed processes of the approach can be found in Refs. [31] [32] [33] [34] [35] [36] [37] , for self-consistency, we shall present its main idea and our main results here.
For the purpose, we introduce the negative and positive helicity states for a massless spinor u(k 0 ), which satisfy
where ω ± = (1 ± γ 5 )/2. Treating the negative helicity spinor u − (k 0 ) as the reference input, and the positive helicity spinor u + (k 0 ) can be redefined by introducing an arbitrary space-like momentum k 1 as
All massive spinors u s (q) and v s ′ (q) with momentum q can be constructed by the massless spinors u(k 0 ) with explicit positive or negative helicity as,
For convenience, we set the hard scattering amplitude
After transforming all the spinors into u(k 0 ), we can write down the amplitude M ±s±s ′ with four possible spin projections in a trace form with the help of Eq. (19): (26) where
It's easily to check that,
Finally, we expand the amplitudes M n over the independent Lorentz structures as
The parameter η is the maximum number of basic Lorentz structures B j for specific production channels. Generally, the values of η, B j and A n j are different for different channels. We put all the necessary Lorentz structures together with their non-zero coefficients of the present channels in the appendix.
Due to more particles, more massive quark lines, or more loops for higher-order calculation are involved in high energy processes, the amplitude of the process becomes more and more complex and lengthy. The improved trace technology is very helpful for improving the generating efficiency in comparison to the conventional squared amplitude approach, many of its applications have already been done in the literature. It could be a tedious task to find out all the independent B j and all the non-zero A n j , especially for the P -wave case and for those processes involving more particles in the final states. For convenience, we suggest a Mathematica program based on the Feyncalc package [38] to automatically and effectively extract the independent Lorentz structures together with their coefficients from M n , which are available upon request.
As a cross-check, in addition to the improved trace technology, we also adopt the traditional trace technology for dealing with the mentioned processes. Numerically, we obtain a good agreement between these two approaches within reasonable numerical errors for all the mentioned channels.
III. NUMERICAL RESULTS
A. Input parameters
In calculating the hard scattering amplitude of the process, the charmonium mass M H(cc) is taken as 2m c , which ensures the gauge invariance of the hard scattering amplitude. We take the effective charm quark mass m c = 1.5 GeV as its central value throughout the paper, which is consistent with the 1S scheme for setting the heavy quark masses [45] . While, by taking the relativistic effect into consideration, one will obtain a phase-space factor 1 − M 2 Hcc /s [27] , which shows such difference may lead to a sizable correction at the order of O(m c v 2 ). In this phase-space factor, we take the charmonium masses as [46] : M J/ψ = 3.097 GeV, M ηc = 2.980 GeV, M χc0 = 3.415 GeV, M χc1 = 3.511 GeV and M χc2 = 3.556 GeV, respectively.
Other input parameters are taken as [46] : m Z = 91.1876 GeV, Γ z = 2.4952 GeV, sin 2 θ w = 0.2312, α s (m Z ) = 0.1184, the fine-structure constant α = 1/130.9, and the weak interaction coupling constant g w = e/sin θ w . The renormalization scale is set to be 2m c for charmonium and α s (2m c ) = 0.26 for leading order α s . The color-singlet non-perturbative matrix elements are related to the wave function at the origin |ψ s (0)| = |R s (0)|/ √ 4π for S-wave state and its first 
B. Basic results
We put the total cross sections for the two charmonium production processes e + e − → H 1 (cc) + H 2 (cc) and e + e − → H(cc) + γ via the virtual photon or Z 0 boson in Tables I and II , respectively. To be useful reference, we take two collision energies to do our discussion. Here √ s = 10.6 GeV corresponds to the B factory as BABAR or Belle, and √ s = m Z = 91.1876 GeV corresponds to the so-called super Z factory. In these two tables, the contribution from the interference terms for the channel via virtual photon and the channel via Z 0 boson has not been included. To show the relative importance of the interference cross sections, we define a ratio R X
where X stands for the specific exclusive charmonium production channels, σ sep is the cross section for the direct sum of the channel via virtual photon and Z 0 boson without interference contributions, σ int is the interference cross section between the channel via virtual photon and the channel via Z 0 boson. As an explicit example, we put the values of R X for the single charmonium production in Table III . It shows that the interference terms only lead to small contributions. The cases for the double charmonium production are similar with even smaller values for R X . So, in the present subsection, we will not consider the interference terms to provide a clear comparison of how the different channels will affect the cross-section at the B factory and the super Z factory, respectively.
Our present leading-order results for the total cross sections at the B factories are consistent with those of Refs. [8, 28, 29] , which is much smaller than the BABAR or Belle data. As has been stated in the Introduction, many suggestions, either the higher α s order pQCD corrections or the relativistic corrections or the nonperturbative corrections or a combination of all these corrections, have been tried in the literature to explain the puzzle [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Thus, a more accurate measurement or new measurements at another platform can be helpful for clarifying the puzzle.
At the B factory, the charmonium production is dominated by the channels via the virtual photon, and the corresponding channels via the Z 0 boson are suppressed by about 10 4 − 10 7 orders which can be safely neglected. On the other hand, at the super Z factory, for the double charmonium production, both types of channels either via the virtual photon or via the Z 0 boson are around the same order and should be taken into consideration simultaneously, and for the single charmonium production, one only needs to deal with the channels via the Z 0 boson, since their cross sections are larger than those channels via the virtual photon by about three orders.
We draw two figures, i.e. Fig.(3) and Fig.(4) , to show the relative importance of those channels and to show how their total cross sections change with the e + e − collision energy. As for the channels e + e − → γ * → Tables I and II , there are 16 extra double charmonium combinations, which can not be happened due to the parity conservation in the production channels via the virtual photon propagator. For convenience, we put other non-zero cross sections for the double charmonium production via the Z 0 boson in Table IV. We draw Fig.(5) and Fig.(6) to show the differential distributions for those processes versus cos θ, where θ is the angle between the three-vectors of the final charmonium ( q 1 ) and the electron p 1 . Those distributions show light concave behaviors in the whole kinematic region, the largest differential cross-section is at θ = 0
• or 180
• . C. Events to be generated at the super Z factory
According to the total cross sections, the super Z factory running with high luminosity L ≃ 10 36 cm
can provide another potential platform to study heavy quarkonium properties. For example, from the single charmonium production process e + e − → γ * /Z 0 → H(cc) + γ, we shall have 5.0 × 10 4 J/ψ, 7.5 × 10 3 η c , 6.2 × 10 3 h c , 3.1 × 10 2 χ c0 , 2.2 × 10 3 χ c1 , and 7.7 × 10 2 χ c2 events by one operation year. Totally, we shall have only 38.0 double charmonium events generated through e + e − → γ * /Z 0 → H 1 (cc) + H 2 (cc) by one operation year. In the estimation the channels via virtual photon and Z 0 boson together with their interference terms have been taken into consideration. This shows that at the super Z factory, it is much more better to study the single charmonium processes other than the double charmonium processes.
Such number of e + (p 2 )e − (p 1 ) → γ * /Z 0 → H(cc)(q 1 )+ γ(q 2 ) events make us possible to know more properties of the charmonium, such as its p t distributions. We can obtain the p t distributions from above cos θ-distributions through proper transformation. That is, if setting
then, we obtain dσ dp t = d cos θ dp t
where
Here, we have implicitly used the symmetry f (cos θ) = f (− cos θ) as indicated by Figs.(5,6) . We present the p t distributions for e + e − → γ * /Z 0 → H(cc) + γ in Fig.(7) , where p t is the transverse momentum of the charmonium. We have largest f (cos θ) when the charmonium and the photon running along the same direction or rightly back-to-back, however, because of the phase-space factor proportional to p t / | q 1 | 2 − p 2 t , the p t distribution shall increase with the increment of p t .
As a final remark, as shown by the right diagrams of Figs.(3,4) , there is a dip behavior at √ s ≃ 5.2 GeV for the χ c0 production via the process e + e − → γ * /Z 0 → χ c0 + γ. This is caused by the overall suppression factor (s − 12m 2 c ) 2 , which does not appear in the other production channels and approaches zero when √ s ≃ 5.2 GeV for m c = 1.5 GeV. In this subsection, we do a simple analysis of the theoretical uncertainty caused by the charm quark mass.
We present the total cross sections with m c = 1.50 ± 0.20 GeV in Tables V and VI, in which the channels via virtual photon and Z 0 boson together with their interference terms have been taken into consideration. Total cross sections of those production channels are sensitive to the c-quark mass, which increase with the decrement of m c . More explicitly, we present the uncertainties for the case of √ s = 10.6 GeV in the following, σ e + e − →J/ψηc = 5.957
σ e + e − →ηchc = 0.763
σ e + e − →J/ψχc0 = 7.011
σ e + e − →J/ψχc1 = 1.181
σ e + e − →J/ψχc2 = 1.703
σ e + e − →ηcγ = 67.93
σ e + e − →χc0γ = 1.855
σ e + e − →χc1γ = 20.69
σ e + e − →χc2γ = 8.138
Simultaneously, we present the uncertainties for the case of √ s = 91.1876 GeV in the following, σ e + e − →J/ψηc = 2.0
σ e + e − →ηchc = 2.8
σ e + e − →J/ψχc0 = 1.1
σ e + e − →J/ψχc1 = 4.8
σ e + e − →J/ψχc2 = 1.9
σ e + e − →J/ψγ = 5.030
σ e + e − →ηcγ = 0.767
σ e + e − →hcγ = 0.621
σ e + e − →χc0γ = 0.032
σ e + e − →χc1γ = 0.193
σ e + e − →χc2γ = 0.080
It is noted that among the single charmonium production processes at the super Z factory, the cross section σ e + e − →J/ψγ is much larger than the production of other charmonium states. The production cross section for J/ψγ is zero for the channel via a virtual photon due to Landau-Pomeranchuk-Yang theorem [48] ; while, for the channel via Z 0 -boson, the pseudo-vector vertex γ µ γ 5 will lead to non-zero contributions, which furthermore do not have the suppression factor (1 − 4 sin 2 θ) as the case of the vector vertex γ µ part that dominantly determines other charmonium states' production.
IV. SUMMARY
In the present paper, we have studied the charmonium exclusive production through e + e − annihilation at the collision energy that equals to the B-factories or the super Z-factory.
As shown by Tables I and II: 1) At the B factory, the charmonium production is dominated by the channels via the virtual photon, since the total cross-sections for the single charmonium production channel are at the order of 10 −6 − 10 −5 fb; 2) At the super Z factory, the total cross-sections are dominated by the single charmonium production channel. For the double charmonium production, both types of channels either via the virtual photon or via the Z 0 -boson propagator are around the same order, about 10 −7 − 10 −4 fb, and for the single charmonium production, one may only need to deal with the channels via the Z 0 boson (the interference terms between the channels via virtual photon and the Z 0 -boson propagator will bring about several percent corrections as shown by Table III.) .
We have drawn Fig.(3) and Fig.(4) to show the relative importance of the production channels and to show how their total cross sections change with the e + e − collision energy. Because the channels e + e − → Z 0 → H 1 (cc) + H 2 (cc) and e + e − → Z 0 → H(cc) + γ have a peak value at √ s = m Z due to the Z 0 -boson resonance effect, one may expect that those channels via Z 0 boson can provide sizable contributions at the super Z factory.
It is shown that the super Z factory running with high luminosity L ≃ 10 36 cm −2 s −1 can provide another potential platform to study heavy quarkonium properties. As for the single charmonium production process e + e − → γ * /Z 0 → H(cc) + γ, by taking m c = 1.50 ± 0.20 GeV, we shall have (5.0
χ c1 , and (7.7 +4.1 −2.4 )× 10 2 χ c2 events by one operation year. Sizable events make us possible to know more properties of the channel, for examples,
• The symmetric charmonium angle distributions dσ/d cos θ are shown in Figs.(5,6) . Those distributions show light concave behaviors in the whole kinematic region, the largest differential crosssection is at θ = 0 • or 180
• .
• The charmonium transverse momentum distributions dσ/dp t are shown in Fig.(7) , in which it shows the distributions for the single charmonium production increase with the increment of p t due to the phase-space enhancement p t /( | q 1 | 2 − p 2 t ) at the large p t region.
• To show how the single charmonium production cross-sections depend on the charm-quark masses, we present its differential cross-sections dσ/d cos θ and dσ/dp t with m c = 1.50±0.20 GeV in Figs.(8,9) . In these two figures, the contributions from the color-singlet S-wave and P -wave states have been summed up. The higher excited charmonium states may decay to the ground color-singlet and spinsinglet S wave state with 100% efficiency via the electromagnetic or the hadronic interactions.
Our present calculation is at the leading-order level. It could be helpful to finish a next-to-leading order calculation on those processes at the super Z factory, in which we have to deal with the extension of γ 5 to any dimensions and to show how to do the dimensional analysis within the improved trace technology and also to set the renormalization scale properly so as to eliminate the scale ambiguity at the known fixed perturbative order, which are in progress [49] . For useful reference, we present the independent Lorentz structures and their coefficients for the typical production processes mentioned in the body of the text. The program is available upon request. We use two extra symmetries to simplify the analytic expressions: 1) there is u ↔ t symmetry; 2) there is s ↔ −s symmetry. In addition, the properties of the 3 P J states's polarization tensor ε In this section, we present the Lorentz structures B j and their nonzero coefficients A n j for the process e
with η the maximum number of basic Lorentz structures, the quarkonium state can be taken as 1, 2, 3) , respectively. Since m e ≪ √ s, we have found that the electron mass effect is small, so we shall neglect it in the following analytic expressions. Especially, under such approximation, we shall always have A 1,2 j ≡ 0. For convenience, we define some notations that are frequently emerged in the non-zero coefficients,
where, s = (p 1 + p 2 ) 2 , t = (p 1 − q 1 ) 2 , and u = (p 1 − q 2 ) 2 are Mandelstam variables. The symbol ε(α, β, p, q) used in the Lorentz structures is defined as ε(α, β, p, q) = ε αβµν p µ q ν , where ε αβµν is the antisymmetric tensor, α and β are lorentz indices, p and q are corresponding momenta.
There are four independent Lorentz structures for the process, which are
whose non-zero coefficients A 3,4 j with j = (1, · · · , 4) are 
2.
There are four independent Lorentz structures for this process, which are
whose non-zero coefficients A 3,4 j with j = (1, · · · , 4) are
c (s(8s w − 6) − 20s w t + 36s w u + 3t − 15u) + t(16s w s − 6s + 12s w t − 36s w u − 3t + 15u)), 
There are twenty-two independent Lorentz structures for the process, which are
whose non-zero coefficients A 3,4 j (j = 1, 2, ...., 22) are 
Taking the property of ε J αβ , so practically we can safely set the coefficients to be zero: In this section, we present the Lorentz structures and their nonzero coefficients for the process e 1, 2, 3) . For the reason that we make a proximation m e = 0, the coefficients A 1,2 j = 0. Some short notations appeared in the coefficients are defined as followings,
where, s, t, and u are Mandelstam variables.
1. S-wave + S-wave state:
There are four Lorentz structures for the process, which are defined as,
whose non-zero coefficients A 3,4 j (j = 1, 2, 3, 4) are
2. S-wave + P-wave state:
3. S-wave + P-wave state:
whose coefficients A 
We can safely set the coefficients before them to be zero with the property of ε 1, 2, 3 ). For the reason that we make a proximation m e = 0, the coefficients A 1,2 j = 0. Some short notations appeared in the coefficients are defined as followings,
where, s, t, and u are Mandelstam variables. 
The non-zero coefficients A , A 
Noticing the properties of polarization tensor ε There eleven Lorentz structures for the process, which are defined as, 
